700 AIAA JOURNAL

VOL. 11,NO. 5

Integrals of the Motion for Optimal Trajectories
in Atmospheric Flight

NGUYEN X. VINH*
The University of Michigan, Ann Arbor, Mich.

The problem of optimizing the flight trajectory of a rocket vehicle moving in a resisting medium, in a general
gravitational force field, is considered. Optimal laws for the modulation of the aerodynamic and propulsive forces
are formulated in terms of the primer vector, the vector adjoint to the velocity. Relations for flight along an
intermediate-thrust arc and integrals. of the motion for several cases of practical interest are derived.

Nomenclature

constants of integration
Cartesian components of 4
aerodynamic force

constants of integration

constant exhaust velocity

drag coefficient

zero-lift drag coefficient

= lift coefficient

= drag

= acceleration of the gravity, vector
= Hamiltonian constant

= induced-drag coefficient
switching function

= lift

= mass

= magnitude of p

; = Cartesian components of p
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= adjoint components, associated to the respective variables

=
=

adjoint vector, associated to 4
Cartesian component of §
adjoint vector, associated to 1
position vector
= reference area
= time
= thrust magnitude
maximum thrust magnitude
Cartesian components of V/
magnitude of V
velocity vector
Cartesian components of
constant height scale in exponential atmosphere
= flight path angle
) = gradient vector
= angle between V and p
= lift control, Eq. (4)
= bank angle
= heading angle
= atmospheric mass density
= atmospheric mass density at reference level
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Introduction

HE problem of determining optimal trajectories for a rocket

powered lifting vehicle, flying inside the atmosphere of a
planet, has received considerable attention in recent years.
General control laws for the lift and the bank angle, and for
the thrusting program have been obtained in terms of the
primer vector, the adjoint vector associated to the velocity
vector.!? In this paper, we modify the results in Ref. 1 to apply
to the case when the thrust direction is constrained to align
with the velocity vector. This is the case when the engine is
mounted fixed with respect to the vehicle and the flight is
accomplished in the dense layer of the atmosphere and at small
angle of attack to validate the assumption.® From the general
theory, solutions for optimal maneuvers for flight in a uniform
gravitational field will be obtained by canonical transformations.

The Optimal Controls

Consider the motion of a powered, lifting vehicle, in a general
gravitational force field. At the time ¢, the state of the vehicle is
defined by its position vector 7 (¢), velocity ¥ (t) and instantaneous
mass m(t). The flight is controlled by a thrusting force T and
the aerodynamic force A (Fig. 1). It is assumed that T is aligned
with the velocity, and its magnitude is bounded by

0ST=sT (H

max

Furthermore, we assume that the vehicle has a plane of
symmetry, both the thrust and the aerodynamic force are
applied at the center of mass, and in coordinated flight, the
aerodynamic force and the velocity are contajned in that plane
of symmetry. It is customary to decompose A4 into a drag force
D, always opposite to V, and a lift force L orthogonal to it. We
shall use the usual assumption

L=(3pSV3Cy; D = (})pSV2C, ?)
where, in general, the atmospheric mass density is function of

7. In hypersonic flight, the lift coefficient C,, and the drag
coefficient C,, are assumed independent of the Mach number

ry T

v

Fig. 1 State and control variables.
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and the Reynolds number. For simplicity, we shall assume a
parabolic drag polar, defined by the relation

Cp = Cp,+kC,? G)

where C),_ and k are constants. It is convenient to define a lift
control parameter / such that

2= (k/Cp)'*C, )

Then, wken 4 = 1, the flight is at maximum lift-to-drag ratio.

The motion of the vehicle, flying in a general gravitational
force field, and subject to acrodynamic force and thrusting force,
is governed by the equations

dr Jdt =
dV/dt = (T/m)(V/V)+ (A/m)+ §(F 1) ()
dm/dt = —(T/c)

where the exhaust velocity ¢ of the gas ejected from the engine
is assumed constant. The optimal transfer problem is defined as
follows. L

At the initial time, t = 0, F = ¥, V = V;, m = m,. The vectors
To» V and the scalar m, are prescrlbed At the final time,
t=t, ¥ = rf V V and m = m,. The problem is to find the
time hlstory of A(t) and T(t) such that some scalar function of
the final state is a minimum.

Using the maximum principle, we introduce the adjoint
elements g, p and p,, to form the Hamiltonian

H=q V+p-(A/m+g)+(T/m[p-V)/V—mp,/c]  (6)
where ¢, p, and p,, are defined by the adjoint equations
dg/dt = —V(p-g)—m~'V(p- A)
dpfdt = —3~2[(F- Aymv?1V— (T/mV)[5 -
dp,/dt = (T/m*V)(P-V)+m™*(p - A)

The following general results for optimal trajectories have
been obtained in Ref. 1.

1) If the direction of the thrust can be taken arbitrarily,
whenever the engine is operating, the thrust must be directed
along the vector p, called the primer vector. This is the
extension of the classical result obtained by Lawden for transfer
in a vacuum.

However, it should be noted that a wide variety of airborne
vehicles are not free to alter their thrust direction independently
of the angle of attack. Hence, for the type of vehicles considered
in this paper, we shall assume that the engine is mounted fixed
with respect to the airframe, and the thrust line is taken as the
body axis from which we measure the angle of attack. Further-
more, in hypersonic flight, especially during the thrusting phase,
the angle of attack is small, and we shall assume that the thrust
is always aligned with the velocity as expressed by the second
equation (5). For the validity of this assumption, we refer to the
classical paper by Bryson and Lele.?

2) The thrusting program is governed by the switching
function, which, for the case where the thrust is aligned with
the velocity, is defined by

K=(p-V)/V—mp,jc ®)
If K>0, we select T=T,_, (boosting phase); if K <0, we
select T = 0 (coasting phase); and if K =0, for a finite time
interval, we select T = variable (sustaining phase).
3) The optimal lift modulation is such that C, = C;_
variable lift program

7V 2]

, or, for

tane = 0C,/0C, 9)

where ¢ is the angle between Vand B p.
4) The optimal bank angle is such that the vectors v, P, and
A are coplanar, that is

(Vxp)A=0 (10)
5) For optimal flight constantly at maximum lift-to-drag
ratio, p is orthogonal to A4, that is
A =0 (11)
6) Along a Variable-thrust arc, we have
(- V)V =mp/c=0 (12)
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By taking the derivative of this equation, and using Eqs. (5-7)
together with Eq. (12) and rearranging, we have
H+(V/me)(p-A)+ (- V)[(V- A)/mV?+(V-§)/V?] = 25 -4)
(13)

The variable thrust magnitude control will be obtained upon
taking the derivative of this equation.

These results are valid for a general gravitational force field.
In particular, when g is time invariant, the Hamiltonian given
by Eq. (6) is constant.

Application to the Case of a Uniform Gravitational Field

Consider the case where ¢ is a constant vector. In Cartesian
rectangular coordinates, let

F=(x,,x,x;) with x, along ¢

V=(v1,vz,v3)
d =(41.92.95)
p =(p1.p2.P3)
A=(A4, 4,4,

We shall use the transformation
v, = Vcosycosy; vy = Vsiny (14)
It is seen that y is the flight-path angle, measured from the
horizontal plane, and ¢ the heading, measured from a reference

vertical plane. We shall consider an exponential atmosphere of
the form

v, = Vcosysiny;

p = poexp(—px;) (15)
where f is the constant height scale. For the transformation
(14) to be canonical, while conserving the same Hamiltonian

p,dV+p.dy+p, dy

This gives the linear transformation for the adjoint components
of the primer vector

pdv,+p,dv, +p;doy =

cosycosy  cosysiny  siny]||p, Py
—sinycosy —sinysiny cosyl|p, |=|p,/V (16)
—cosysiny  cosycosy 0 P3 p/V

Reversing the matrix equation

Py ' cosycosy —sinycosy —siny/cosy Py
py| = |cosysiny —sinysing  cos¥y/cosy || p/V | (17)
D3 siny cosy 0 p,/V

In particular, we can verify the following relations
PP =p 2 +p 2+ = +p Y/ Vi4p,}Vic0s?y  (18)
and
PV =puw +p,0,+pvs = Vp, (19
For the transformation of the aecrodynamic forces, we define
the bank angle ¢ as the angle between the plane of symmetry

of the ajrplane and the vertical plane passing through the
velocity V (Fig. 2). Then, from the geometry of the figure

(A;cosyy+ A,siny)cosy+ Aysiny = —D
(A, cosyy+ A, siny)siny—A;cosy = —Lcos ¢ (20)
A, siny—A,cosy = — Lsing

Therefore, we have for the Cartesian components of the aero-
dynamic force

Ay = —Dcosy cosy— L(cos ¢ cos i siny+ sin ¢ sin )
~ Dsin iy cos y— L{cos ¢ sin Y sin y — sin ¢ cos ) (21)
Ay = ~Dsiny+ Lcos¢cosy

The aerodynamic optimal controls can be obtained directly

from the general theory. Using formula (9), with relation (3), we
have for the optimal variable lift control

tane = 2kC, (22)

For the bank angle, by expanding the determlnant (10), using
Eqgs. (14) and (17) for the components of V and p p, we have

N
w~
I
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Fig. 2 Aerodynamic forces transformation.

p.A siny— A, cos)—
(p,/cos P)[(A; costy+ A, sin)siny— Az cosy] =0
By relations (20), we have for the optimal variable bank angle
tan ¢ = p,/p.cosy (23)
We can rewrite relation (22) by observing that
5V =pVcose = Vp,
therefore
p? = p,2/cos?e (24)

On the other hand, from Egq. (18), and using the optimal
law (23)

p? = pvz+p?z/[/z+p72tanz V2

or
p?=p +p>/V3cos? ¢ (25)

By climinating p* between Eqs. (24) and (25), we have
tane = p./Vp,cos ¢ (26)

The optimal lift control, expressed in terms of the adjoint
variables, is then

2kC, = p./Vp,cos ¢ (27)

We see that the aerodynamic controls are governed by the
adjoint components p,, p., and p,, of the primer vector.

The Integrals of the Motion

A number of the integrals of the motion, mostly associated
with a flight at maximum lift-to-drag ratio, has been displayed
in Ref. 1. Here, we shall derive them directly and furthermore,
obtain some additional integrals.

The equations of the motion, written in components form, and
using the velocity transformation (14), are

dx,/dt = Veosycosy; dx,/dt =V cosysiny
dxyfdt = Vsiny; dV/jdt=(T—D)/m—gsiny (28)
dy/dt = Lcos ¢/mV —gcosy/V
dyr/dt = Lsin ¢/mV cosy, dmjdt = —T/c

The Hamiltonian equation (6) becomes, with the new variables,
in a uniform gravitational field

H = (gq,cosy+qg,siny)Vcosy+g;Vsiny—
p(D/m+gsiny)+p, (Loos ¢/mV —gcosy/V)+
p, Lsin ¢/mV cosy+(T/m)(p,—mp,,/c) (29)

Along an optimal trajectory, with variable lift and bank
controls as given by Egs. (23) and (27), we have

H= (g, cosy+q,siny)Vcosy+q;Vsiny—
glp,siny+p, cosy/Vy+(kC > = Cp ) pSV3p,/2m)+
(T/m)(p,—mp,,/c)  (30)
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We notice that, if the flight is at maximum lift-to-drag ratio,
kC,?—Cp, =0, and the constant Hamiltonian is free of aero-
dynamic components. This result has been shown to be valid
for general gravitational force field in Ref. 1. The switching
function is seen to be
K=p,—mp,/c (31)
The adjoint equations, with optimal variable lift and bank
coutrols are
dg,/dt =0
dg,/dt =0
dgs/dt = (kC,* = Cp, M (PpSVp,/2m)
dp,Jdt = — (g, cosy+ g, siny)cosy— g, siny—
gp, cos y/V2+pSVCDO p/m (32)
dp.jdit = (g, cosy+q, siny)Vsiny— g,V cos y+
g(p,cosy—p,siny/V)—p, Lsin ¢ siny/m V cos®y
dp,/dt = (q, siny — g, cos )V cosy
dp,/dt = (kC >~ Cp, )(pSV?p,/2m*)+ Tp,/m*
We first have the integrals
q, = a, = const; q, = a, = const (33)
If the longitudinal range and the lateral range are free, these
constants are zero. It is seen that g5 is also constant if the flight
is at maximum lift-to-drag ratio. Next, using Eq. (33) we have
d(‘hxz —d4yX 1)/dt = dp.///dt
Hence
41 X2 — 42Xy = P, —dg (34)
where a, is a constant of integration. For free longitudinal and
lateral ranges
Py, = dg (3%)
If the final heading is not prescribed, this constant is zero, and
from Eq. (23), ¢ = 0. The flight is performed in a vertical plane
containing the initial velocity.
Now, consider
d(mp,)/dt = (kC,*— CDO)(pSVZpu/2m) +(T/m)(p,—mp,,/c) (36)
First, along a coasting arc, T =0, or along a sustaining arc,
K =0, and if the flight is at maximum lift-to-drag ratio
mp,, = const 37N
For flight at variable lift coefficient, and along a coasting or
sustaining arc, by eliminating the time between Eq. (36) and the
equation for g,, we have
dgqy = fdimp,,)
By integrating, we have
q; = Pmp,,+a, (38)
where a; is a new constant of integration.
Consider the time derivative of Vp,
d(Vp,)/dt = —H-2g(p,siny+p_ cosy/V)+
(T/m)(2p,—mp,/c)  (39)
Along a coasting arc, T = 0, and using Eggers assumption by
neglecting the gravity compared to aerodynamic force,* an
assumption generally valid for a skip or pull-up maneuver, we
have, upon integration
Vp,= —Ht+a, (40)
where a, is a constant of integration. In particular, when the
final time is free, H = 0, and
Vp,=a, 41
We write the Hamiltonian for the case of free longitudinal

and lateral ranges, and free time, along a coasting or a
sustaining arc. Relation (30) becomes

(kC,>—Cp )(pSV?p,/2m) =
—q5Vsiny+g(p,siny+p, cosy/V) 42)

With this integral, we can delete the differential equation for
p.. Using Eq. (42) we rewrite the equation for ¢,
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dqs/dt = — g, Vsiny+ fg(p,siny+p, cosy/V)
The equation can be integrated if skip trajectory assumption is
used. We have
dqy/dt = — BqsV siny = — gy dx;/de
Upon integrating
g5 = const x exp(— fx;) = const x p (43)
By the change of variable from x; to p, using the exponential
law (15), a canonical transformation requires
g3 dxy = q,dp = —fipq, dx,
Hence
a; = —fpq,
and therefore
g, = const 44)
This shows the advantage of using the atmospheric mass density
as the altitude variable.
The Eggers assumption, in the free range and free time case,
gives explicit laws for the modulatian of the lift and the bank.
First, along a coasting arc, we rewrite Eq. (43)
q3 = byp (45)
where b, is a constant. The Hamiltonian relation (42) gives
Vp, = 2bymsiny/S(Cp —kC,?)
Since in this case Vp, = a,, we have
kC,2/Cp, = 1—2bsmsiny/Sa,Cy,
That is, by observing that m is constant along a coasting arc
A= 1+asiny (46)
where a is a constant. We have the classical result, first obtained
by Contensou,® and later extended to three-dimensional case by
Griffin and Vinh,® and Speyer and Womble.” We now rewrite
the law for the bank angle
tan ¢ = p,/p.cosy = ag/2ka,C; cos ¢ cosy
or
sin ¢ = b/Acosy 47)
where b is a constant. The constants ¢ and b in the optimal lift
and bank laws are determined by specifying terminal conditions
at the ends of a coasting arc.

Next, along a sustaining arc, we have the relations (12) and
(13) which for a constant gravitational field, become

p,~mp,/c=0 (48)

and
(pSV2p,2m)[(V/e+1)Cp, ~ (V/e—DkC, *] =
H+g(2p, cosy/V +p,siny) 49)
For a free-time problem, H = 0, and neglecting gravity, we

have the following simple law for optimal variable lift control
along a sustaining arc

A2 =V/ie+ )/(V/c—1) (50)
An interesting fact is that variable lift control for sustaining

flight is only optimal for high velocity, V' > ¢, and for vehicle
with high lift performance, A > 1.
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Finally, for the boosting arc, by eliminating the time between
the equations for V and m, we have

dVidm = —c¢/m+(c/T,,,)(D/m+gsiny)
With T — oo (impulsive approximation), the equation can be

max

integrated to give
m = m*exp(— V/c) (51)
where m* is a constant mass.

Conclusions

General control laws for the modulation of the lift and the
bank angle, and for the thrusting program along the optimal
trajectory of a rocket powered, lifting vehicle, flying inside the
atmosphere of a planet, with the thrust aligned along the velocity
vector, have been obtained in terms of the primer vector, the
adjoint vector associated to the velocity vector. From the general
theory, solutions for optimal maneuvers for flight in a uniform
gravitational field are obtained by canonical transformations.
The problem is completely solved for the free range and free
time case, using Eggers assumption for skip trajectory. It should
be noted that this last stringent condition can be removed by
using Loh’s second-order theory,® as applied by Speyer and
Womble for free flight trajectory.” Loh’s second-order theory,
which also includes the curvature of the flight path, has also been
appliegd successfully to the case of thrusting flight by Griffin and
Vinh.
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